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Equations comprising a solation for the time spcrrt by a 

s a t e l l i t e  i n  umbra and penumbra are derived. 

regions are assumed to be right  circular cones, and shadowing bodies 

are assmed spherical.  Pertinent constants are evaluated f o r  shadowing 

by both the earth and the moon. 

shadow time distributions for the AIMP mission (establishment of a 

Umbra and penumbra 

The solution is applied i n  predicting 

Q)&-\ CP 
lunar sa te l l i t e  orbit). 
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orbit inclination 
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center of the moon 
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orbit radius at pericenter 
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trce anomaly 
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angle in the orbit plana from the projection o f  the moon-sun 

l ine  in the plane to any radius r 

value of Cr at lunar orbit pericynthion 

orbdt period 

Qp 

Q) latitude 
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A INTRODUCTION 

I:?, C O I X X C ~ ~ C J ~  wi th  the A F W  mi.s$ ioE,  a requiremeEt was manifest 
t o  p red ic t  shadow tine d i s t r i 5 a t i c n a  for lunar  sa te l l i te  o r b i t s .  A t  t he  
time of the study no lunar orbit shadcw program was a v a i l a b l e  to  the  Delta 
P r o j e c t ,  and tabulated data ava i l ab le  were based on so lu t ions  which assumed 
c y l i n a r i c a l  s'Llamw regions. 

While c y l i n d r i c a l  shadow thaosfea ape s u f f i c i e n t l y  accura te  for most s t u d i e s  
involving low or medium a l t  i t udc  satellite, accura te  determinat ion f o r  
high a l t i t c d e s  shodd be based on the qonica l  model ob umbra and penumbra 
regions e 

r'he order of magntftzrde of the  d i f fe rence  i n  the. t.40 s s l u t f o n s  is 
ind ica ted  by F i g m e  1. 
m a x i m u m  time i n  60th nnm'bra and panmhaea (see sketch) for circul .ar  o r b i t s  
o f  imrious radii. Tims fa:: b.rJth earth ' 

satel l i tes  and 1.unar sat.el.lites are S ~ Q W E .  
Times determined by a c y l i n d r i c a l  shadow 
theory would l i e  between, the "*&t?xa 0aal.y" 

s e p s r s t i o n  of these  curves can be Seen t i b e  
r e l a t i v e l y  large for high altitude orb i t s .  

This f f g c r t  shows the maximum time i n  umbra and the  

ahd ' ' V D k a  and Febs,LXllbbB" CL?x_'VeS ~ 
The 

Secause of e r r o r  magnitudes possfb1.e i n  the i n j e c t i o n  into ea r th - to -  
moon transfer o r b i t s ,  lunar orbits achieved i n  the AT,MP'mission may have 
an extremely wide range of e c c e n t r i c i t i e s  and a l t f t u d e s .  
a con ica l  shadow theory was reg-arded as des i r ab le .  

For t h i s  reason, 

A s o l u t i o n  i n  wh%cb the  -umbra ragion is assumed c o n i s a l ,  and t h e  
shadowiTg body is a5aanf?,?d spherical, is presented  €a Section .?. 
ShQws t%e applieabiliry of this m L 1 ~ t i o ~  to  the d e t @ P m i m t b n  Qf time 
spent in the  psmmbra. 
Peqdirezj as inputs t"=ae s i ze  and s%ape of tlae satellite o r b i t  and the angular 
position of t* -e e m  relative t c  ?he orbi t  plane, 

Appendix C 

The fteiyativre mlntisw is relatively simple and 

Several a&hsr; have iDasidered t he  shadow time determinat ion problem 
(Refe-cmes 2 - 5 )  Most s o l ~ t i o n s  assume the sylir!,drfcal Yhodow model. 
Howeoer, FixBer (Ref. de temhes ,  by a d i f f e r e n t  de r iva t ion ,  a so lu t ion  
which is r e d x i b ' l a  t o  t h a t  o f  Seetiom B. 



B. ANALYSIS 

The geometry o f  the shadow t i m e  computation problem is shown i n  
Figure 2. 
l i n e  perpendicular te  the moan-sun l i n e ,  and (B) i s  a p ro jec t ion  showing th? 
top view of the o r b i t  plane. Scale is  d i s t o r t e d ,  of course, fo r  c l a r i t y ,  
The lunalr o r b i t  plane i n t e r s e c t s  t h e  shadow cone i n  a conic, genera l ly  an 
ellipse, h e r e a f t e r  ca l led  the "shadow e l l i p s e "  

Here (A) is an edge v!cw of t he  o r b i t  plane viewed along a 

If p is the umbra half-cone angle ,  

= 0.004646303. Ro-Ra 

6 MS 
sin p = 

The value ~f MS here is taken as the average va lue ,  149.53 x 18 km 
,see Appendix A ) .  

p = 0.26498 

K =  90" - 6 + p 
y,= 90"- s - p 

Then t5;e si-nrlmajor ax f s  of the shadow e l l i p s e ,  as,  can be obtained from 

and 

so  t h a t  

K,( - -Cos y 2  = sin (6- p) 
f 

+ d+ f  - I a, = 
2 sin ( 6 + p )  s i n ( S - p )  

Mota t h a t  ri3ce 

a: 2 )  sin ( 6 + p )  sin (6- p )  = sin'b - sin'p , 
sin5 COS p a, = R, 
sinz& - sin' p 

(3) 

The shadow cone touches the mbin slclng a minor c i r c l e  of  "lati t-sde" p 
above the grea t  e h x l e  normal to the mon-son l i n e .  
touches t3e shadow e l l i p s e  i n  the  orbit plane at two po in t s ,  P and Q. The 
inclicatio? of the  lunar o r b i t  plane t o  the  normal g r e a t  circle is 90' - 6 
Tbzirefore, from sphe r i ca l  trigonometry 

This minor cfrcle 

- sin p 
sin(so*-6) COS S 

- sin p sin c = 

If (x', y') a r e  coordinates  i n  the  lunar  o r b i t  p l a x  with o~i?Ln at 
the  icentc.n of t h e  shadow e l l i p s e ,  the equat ion of  the  shadow e l l i p s e  i: 

- y'z 
+ -  = I  - 

a: b,' 
(5) 

-2- 



Evaluating Eq (5) a t  the tangent points ,  

x ‘ =  a, - d + R ( s i n c  

y’= -+R,cos c 
gives 

- =  I I [ I  -(e + 
b l  R:( I - sin2c) as as 

I Note that 

From E q  (2) ,  

COSS sinp 
sinz 5 - sin‘p 

a,- d = R, 

and 

a s - d  - tan p 
a s  t d h  b 

Ra sin c = 
a s  sin b cos b 

- 

(sin’s - sin’p) tan p A l s o ,  

(7) 

(8 1 sin p cos p 
sin b c o s  S 

- - 
I 

Ra(i-sin”c) = R i  ( I  - s) 
Substitution of Eqs (8) and (9) in (6) gives 

I I sin2p 

b: R) 
- = - ( 1 - 7 )  s in  S 

( 9 )  

The equation of the e l l ipse i n  moon-centered coordinates (x,y) i s  

or ,  i n  polar coordinates, 
r’ s i  hzcr 

Qs-d)2 + = I  (y“ + 
Q S  b,? 

The equation for the lunar s a t e l l i t e  orbit is 

-3 - 



Then, i f  values fo r  6 and 0; a r e  spec i f ied  a t  any t i m e ,  a simultaneous 
so lu t ion  of  Eqs (11) and (12) gives the two values  of r a t  which the s a t e l l i t e  
o r b i t  and the  shadow e l l i p s e  i n t e r s e c t .  
t h e  so lu t ion  must involve an i t e r a t i v e  procedure. 
e l imina te  r i n  Eq (11). 

Since the  equations a r e  t ranscendental ,  
Eq (12) may be used t o  

However, Eq (11) can be s impl i f ied  without r e so r t ing  t o  
expans ions.  

The equation of the  form 

= I  ( x + g l "  y +  
Q,1 bs' 

t -  

can be w r i t t e n  i n  polar  coordinates as 
(r' c o s a r  + z r q c o s  cr + 9 2 )  + rz(  I - COS'V) = I  

a,l b: 

The discr iminate  reduces t o  

R4 9 
From 

d =  

q = a , - d  
sin ( S + p )  

and Eqs (3) and (10) , 

22 cos2 p 
b,' s in f  b - sin'p 

(17) 
0,' cosa d I - -  s -  b,' sin's - s inAp 

Subs t i t u t ion  of Eqs (15), (16) and (17) i n t o  Eq (13) gives  the f i n a l  equation 
of the shadow e l l i p s e  i n  polar ,  moon-centered Coordinates. 

(18) -cos (z cos6 sin p f cos p J  I - cosz& cos* u r = R4 
cosap - c o s z s  cos=o- 

The pos i t i ve  s ign  should be chosen i n  the numerator of Eq (18). That 
the  negat ive sign is redundant can be seen m e t  e a s i l y  i f  t he  small angle p 
is set equal  t o  zero. Then 

(p= 0) 
I 

I - c o s ~ ~ c o s ' ~  
r = +  

-4- 



Since t h e  rad ius  vec tor  is by d e f i n i t i o n  a p o s i t i v e  quan t i ty ,  tsle 
negative s ign  is redundant. 

Subs t i t u t ion  for  r from Eq (12) gives t h e  f i n a l  equation, t o  be 
solved f o r  6, t he  angular coordinate of t h e  i n t e r s e c t i o n  of t h e  o r b i t  and the 
shadow el l ipse.  D 

a ( I -e') (cos' p - cos2 8 cos2cr) t [: I + 
(19) 

F(Q)= - 

) 
R, 

+e cos ( r -  .-,)I(- cos o' cos6 si0 p + cos p\l I - C O S ~ S C O S ~ T  

= o  
This t ranscesdenta l  equation must be solved by i t e r a t i o n .  
gives 

Newton's method 

+ e COS (v- a;>J sin Q cos B [sin p 

I cos p cos b cos 0- + J r  - cos= s cosac  

Equations (19) and (20) then comprise the  means bf solution POX the 
angular pos i t i ons  i n  o r b i t  at which t h e  o r b i t  i n t e r s e c t s  the umbra cone. 
The t i m e  i n  shadow can then be detztmincd e a s i l y  from Kepler ' r  equation, 

R E - e sin E = L?! (t-t,) 
Ja3 

where 
JG sin G sin E = 
I + e COS e 
e + cos 8 

C O S E  = 
I + e 

Cer ta in  special cases have not been considered i n  the  above so lu t ion .  
I n  Appendix B, t h e  s p e c i a l  case in whish 5kp and the  shadow conic i n t e r s e c t i o n  
i s  a hyperbola is considered. The so lu t ion  i s  shown t o  be the same a- i v  the 
e l l i p t i c a l  i n t e r s e c t i o n  case (Eq 18). Also, i n  Appendix C t he  so lu t ion  ~ Q I -  the 
penumbra i n t e r s e c t i o n  is shown t o  be similar 60 Eq. 18. 

-5 - 



C. Application t o  Computation of Lunar S a t e l l i t e  Shadow Time 

The computation rout ine  of Sect ion B was programmed i n  For t ran  I V  and 
incorporated i n  an o r b i t  integratior'i  program i n  order  t o  study shadow 
requirements o f  the  AIMP lunar  s a t e l l i t e  mission. The in t eg ra t ion  program 
provides inputs  ( 6  , up , a ,  e as functions of time) t o  the  shadow computation 
r out  i ne  . 

Orbits  t o  be s tudied with the  shadow rout ine  were generated by the  
following procedure. 

(1) The nominal ve loc i ty  magnitude, azimuth angle and f l i g h t  
path angle a t  t h i r d  s t age  burnout (i.e. i n j e c t i o n  i n t o  the  
earth-to-moon t r a n s f e r  o r b i t )  of  the  Delta DSV-3E veh ic l e  were 
taken as means of  t h ree  normal independent d i s t r i b u t i o n s  of spec i f i ed  
standard devia t ions .  

(2)  Non-nominal sets of  burnout condi t ions were generated from these 
t h ree  d i s t r i b u t i o n s  fo r  a l a rge  number of  cases  by means of  
a random number generat ing rout ine .  

(3) Each set of  non-nominal burnout condi t ions was used as input  t o  
t h e  In te rp lane tary  Tra jec tory  Encke Method (ITEM) program, which 
f o r  each of the  e r r o r  condi t ions,  as w e l l  as i n i t i a l  lunar  o r b i t  
elements r e s u l t i n g  from various fou r th  s t age  f i r i n g  times. 

( 4 )  For each t r a n s f e r  o r b i t  one s e t  of i n i t i a l  lunar  o r b i t  elements 
which appeared t o  represent  a long l i f e t i m e  lunar  o r b i t  was 
chosen as  input t o  the  lunar o r b i t  i n t e g r a t i o n  program. I f  the 
f i r s t  s e l ec t ion  f a i l e d  t o  achieve the  des i red  s i x  month l i f e t i m e ,  
one o r  two o the r  sets o f  elements were t e s t e d .  The lunar  o r b i t  
i n t eg ra t ion  program used is a variation-of-paramet exs program 
wr i t t en  by D r .  W i l l i a m  Kaala wi th  modif icat ions by the Douglas 
A i r c r a f t  Company and the  Delta P ro jec t  Off ice  and ivcorporat ing the 
shadow rout ine  descr ibed i n  Sec t ion  B. 

( 5 )  Shadow and l i f e t ime  datawere tabula ted  fo r  t he  lunar  o r b i t  having 
the longest l i fe t ime of the cases inves t iga ted  f o r  each t r ans fe r  
o r b i t .  

R e s u l t s  fo r  a sample of one hundred t r a n s f e r  t r a j e c t o r i e s  a r e  shown i n  

i n  moon 
the  following t ab le .  Here, r r , a ,  e ,  i a n d w  are the i n i t i a l  lunar  o r b i t  
elements (pericynthion and apocynthion r a d i i  i n  km, semimajor axis 
r a d i i ,  e c c e n t r i c i t y ,  i n c l i n a t i o n  and argument of  per icynth ion  i n  degrees 
r e l a t i v e  t o  the lunar  equator  and verna l  equinox). Also,L i s  the  lunar  o r b i t  
l i f e t i m e  i n  days, tsmax is  the  maximum shadow t i m e  experienced i n  any o r b i t  
per iod,  e, i s  the average shadow t i m e  pe r  o r b i t ,  and % t i s  the  percentage of 
o r b i t  time spent  i n  shadow. 
1, 1.5, 2,  2.5 and 3 hours i s  a l s o  given. Here "shadow" means umbra; no 
penumbra inves t iga t ions  were made f o r  t h i s  mission. 

P '  

- 
The t i m e  a t  which the  shadow t i m e  f i r s t  exceeds 

-6-  



Orbits  having apocynthion r a d i i  greater than 25,000 n a u t i c a l  miles 
(46,300 km) were not inves t iga ted  as being of quest ionable  s t a b i l i t y .  
The in t eg ra t ion  program used is not su i t ab le  fo r  s t a b i l i t y  determination 
s ince  accuracy degenerates fo r  high a l t i t u d e  o r b i t s .  Also  seven t r an8fe r  
o r b i t s  of  the sample did not approach s u f f i c i e n t l y  dose t o  the  moon t o  
achieve a lunar o r b i t .  These cases  are indicated i n  the  t a b l e .  

Figure 3 summarizes the shadow and l i f e t ime  da ta .  For a given t i m e  
a f t e r  lunar  o r b i t  i n j ec t ion  (abscissa  sca l e )  the ord ina te  s c a l e  ind ica tes  the  
number of  cases  having a longer l i fe t ime and a l s o  having a maximum shadow 
time p e r  o r b i t  less than 1, 1.5, 2 ,  2 .5 ,  o r  3 hours. The upper curve shows 
l i f e t i m e  da ta  without maximum shadow t i m e  requirements. 
histograms of the  maximum and average shadow times p e r  o r b i t .  

Figure 4 shows 

. 
-7- 
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APPEXlIX A 

Constants f o r  Cone A.r.gle Determination 

Coiqiexit:. of  t h e  shadcw tiic,c com?utaticn can be g r e a t l y  reduced 
by using mean values u f  teoid rad ius ,  de, a n i  e r c t h  o r b i t  radius,D, i n  
:he f o r w l a s  fo r  m b r a  and pen-subra hs i f  cone angles  ( E q s  C . l ,  C.2).  
q u a n t i t i e s  vary betueen th- following l i m i t s .  

These 

6256.77 S Re < 6378.165 km 

147.53 x 13 G D & 152.33 x 10 km 6 6 

:he cle;iL values  t o  t e  used ia general  pl-ograms may be computed i n  severa l  
rl if Zei'ent ways. 

1. Yean Geoid R a d i i  

a.  Xadius of the  s.?here hsving volume equivalent  t o  t h a t  
of  the oblate q h e r c  IC 

The voluue of an ob la t e  s,)heroid 
(a volume generated by ro t a t ing  an 
e l l i p s e  about i t s  minor ax i s )  is given 
by 

_ -  where :the'minor a x i s  coincides with t he  x-axis .  The equation 
of the e l l i p s e  i n  the coordinates shown i n  the  sketch is 

= I  x 2  yz - +  b' U Z  <A.  2 )  

Subs t i t u t ing  fo r  y -  

I f  R-- i s  the rad ius  of the sphere of equivalent  volume, 
3 V 

$TR, = $aa2b 
R, - YTb ( A . 3 )  

b. Radius of  the  e l l i p s e  averaged over  l a t i t u d e  angle 

I n  the  e l l i p t i c a l  c rass -sec t ion  of an ob la t e  
spheroid, the  rad ius  may be expressed as a function 
of l a t i t u d e  as f o l l o w :  

- + -  - X I  y z  
a' bz - I  

-1- 



rz  cosz @ + r 's in '4 
aa b" = I  

I Y  

Subs t i t u t ion  of ( A . 4 )  i n  (A.5) and s impl i f i ca t ion  gives . 
0 I 

(A .  6 )  

2 = e  

(A. 7) 

where F i r  the e l l i p t i c  i n t e g r a l  of the  f i r s t  kind, 
For A.44 I 

6.  Radius of the  c i r c l e  
tbat of the spheroid 

having a circzunference equiwullent t o  
c ross -sec t ion .  

Determination of rhe circumference 
of an ellipse is f a c i l i t a h d  by 
d e f i n i t i o n  of an a i tx i l ia ry  v a r i a b l e ,  the 
eccen t r i c  anomaly E ,  aad choice of 
coordinates centered a:: t h e  focus of  the  
e l l i p t i c a l  c ross -sec t ion .  Then,if s is 
arc  lang.th along t he  cirrqmference,  
ds' = d x 2 +  dy" 
x = u ( c o s E - e )  d x  = - a s i n E . d E  
y = b sin E dy = b COS E dE 

ds = a { T - F c o s " E  dE 
T 

S = 2a[/l - e 2 c o s 2 E  dE 

s = 4 a E  ($*A) , = e  
If the circumference of t he  equivalezrt circle is 2 T  R, , 

Y 

f. 

-2- 



d .  Radius of  the c i r c l e  having an a rea  equivalent  t o  t h a t  
cjf the  spheroid cross-sect ion.  

For the  e l l i p s e  given by 

the a rea  i s  

If tb.e rad ius  of the  c i r c l e  of equivalent area is  R a ,  

Re= {x (A. 12) 

,.. !.em Earth Crbl t  l?adius 

a .  Astronomical Unit 

'ibe astror.or,iLcal uniL i s  the  mean d is tance  from the sun 
ci) a r ' i c t i t i cgs  p l ane t ,  the  miss and period of which a r e  those 
~ s c d  by Gauss i n  h i s  determination of the s o l a r  g r a v i t a t i o n  
CoiLstant. 

R = 149.53 x 1G6 km 

b, Radias averaged over o r b i t  cen t r a l  angle 

re = aV1-e" (A. 13) 

c.  Radius of the c i r c l e  of a rea  equivalent t o  tha t  enclosed by the 
e a r t h  o r b i t  



I 
T 

ra = {X- = a ( I -  e') ( A .  14) 

d .  'Time average of orbit  r a d i G s  

Kepler ' s  equation i s  

where 

'Then d E  - I 
Ti-- I - e c o s E  

r = a ( ~  - e c o s E )  

The orbit  radius averaged over t i m e  i s  

where Z i s  the o r h t  period. 

21  

- - - ecosE)"dE. 
2n 

r + = a ( ~ + r )  e' (A e 1.5) 

e .  Radizs of the circular o r b i t  of equivalmt pezicld 

+ = = a  (A. 15) 
This i s  also the average obtained by c o w i d e r l r g  t h e  sam of 
tbF radi i  from each fl;c.,s t o  every poi- , t  on the  e l l ipse .  

f .  Radius of the c i r c l e  of equivalezt circanlfeaence 

From (A.10) 

-4 - 



r c  = a[r - 2s Aa - 3 ( 4  A' = -...I 

Type of Average 

(A. 17) 

Formula Value, km 

3. Numerical Evaluations 

Radius averaged over 
l a  t i t  Lde 

Mean Geoid Radius 

6367.45 I 2 b  
R,= yF(A.9) 

r 

Type of Average Formula Value, r/a + 

8 Astronomical u n i t  Defined, 1.4953~10 km 

Sphere o f equivalent  I 
volume R,= fa 

Equivalent period 

Equivalent circumferencc: 

I 6371'02 I 

rt - a 1 .o 

rc = E (A, 8 )  0.99993006 

1 6367.47 R, =%€(A,;) C i r c l e  of equivalent  
circumzerence 

I R P = d X  
C i r c l e  of equivalent  
a r e a  I 6367*46 I 

Assumed constants: 

a = 6378.16 km 

b = 6356.77 km 

e = 0.0818292 

I re = ad- Radius averaged over I c e n t r a l  angle I 0*9998601. I 
0,9999300 I ra = = Circle of  equivalent  

a r e a  

rt = a ( t + ~ )  e* I Rzd i us averaged over  
t i m e  I 3*0001399 I 

Assumed e a r t h  orbit e c c e n t r i c i t y  c = 0.0167268 

-5- 



4. Values for Cone Angle Calculat ions 

The t ab le s  of the previous sec t ion  ind ica t e  t h a t  th ree  of  the 
four geoid radius  averages d i f f e r  by the order  of magnitude of  the  
e r r o r s  i n  the  equa to r i a l  andpolar r a d i i  

a = 6378.16 t 0.02 km 

b = 6356.77 2 0.05 km 

Therefore based on these  values  of the  physical  cons tan ts ,  a s u i t a b l e  
value for  the  average geoid rad ius  is 6367.46 km. 

Also, the  t ab le s  show t h a t  all computed values of  mean e a r t h  
o r b i t  r a d i i  l i e  within the  range of uncer ta in ty  i n  the  astronomical 
un i t .  

6 6 
8.u. = 149.53 x 10 20.03 x 10 km, 

which is, t he re fo re ,  a s u i t a b l e  mean o r b i t  rad ius .  

For problems requi r ing  g r e a t e r  accuracy than can be achieved wi th  
mean cone angle va lues ,  ephemerides may be used t o  compute exact  
values  for  the t i m e  in question. Figure A - 1  shows the  v a r i a t i o n s  

angles during 

-6 - 
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1966 f o r  the  e a r t h  and 



APPENDIX B 

For the  case k p  the  ccnfc s c c t ~ o n  formed by t%e i r J c i c e c t i o n  of 
the orbit plane  and the sha3ow cone i s  a Lypezbcla. ilcwever, (-he equation of 
t h i s  s5adow hyperbola LS the s a w  a3 t5ae cf t h e  e l l i p s e  i n  the more 
general case S > p  (Eq 13). 
may be carried oct  in a scheme similar to that of Section B. 
is shorn in. Figure B-1. 

Verificatiop of Eq 18 in t h e  hypl;rbo?ic case 
The geometry 

As before,  f r m  Figare B-1 (A ) ,  

aad p from (B) 

sin c s i n  p 
cos 6 

9 (B. 1) 

i n  moon-csnte:red consdinates i s  
(i5.2) 

= I  Y Z  - -  ( x  - 9'P 
a2 b2 (B.3) 

g' = a + d  
Th.2 thaSow s x x  is  tam,gc.r.t m the m c m  along a m i m ?  $:frcIe of latitude 
p a.'tl~ve the  ,er'eti.t c i r c l e  notraal t o  the M-S l h e ,  as i n  the elli.pse case. 
Then ar:y c-.:rve I . y i ~ , g  in the shadow cone (ad, i : ~ .  partiwl.ar,  the shadow 
'hypc.rbi??a) is also tacgent t o  the ~GOP. an tsis c . i m l e  at  

s in  P 
cos s X ,  = R Q  sin c = R c  

y ,  = R, C O S C  

rn mom-rea Lered c oozd h a t e s .  D L f f e:t~.tr: i at. is,? ('El. 3 )  g :V\P~E 

(B.4) 

-tan c - cos c 
I sin c - - 

sin c 

- 



L From ( B . 6 )  and 9 = a + d 

a2 = a + d  - 1  
b' R a  sin c 

Substituting ( B . 4 )  in ( B . 3 )  gives 

Substituting (B .7 )  in (B.8) and simplifying yields 

a -  dRc (sin2c + I -(R:+ d') s in  c 
-R#(I + sinz<)  + zd s inc  

which in turn, on subatitution of ( B . l )  and (B.2) gives 

03 .9 )  cos p sin6 
sinap - sin's 

Q - Rf 
Except for sign, this expression is the same as Eq (3) (part B ) ,  

A l s o ,  from (B.7) 

1 -  
b2 a' R, sin c 

a + d - Rqsinc - -  . 
From ( B . 9 1 ,  ( B . 1 )  and ( B . 2 )  

sin p COSS - sin p] 
a + d - Rq sin c = Re[[sinlp -sin's c o s 5  

so that ( B . l O )  can be reduced to 

(B .  10) 

(B. 11) 

The equation of the hyperbola may be derived as follows. For 
x = rcosc and y = rsinr , ( B . 3 )  gives 

In the usual quadratic notation, designate 
C O I '  0- - I - cos2cT 
a= b' 

A =  

B 9  (B. 12) 

-2- 



Since, from ( B . 9 )  and (B.L1) ,  

80 that 

Also,  

From ( B e l ) ,  ( B . 9 )  and ( B . 1 0 )  

and 

R, s i n  p coss 

sin (p - .~ )  sin(p-5) 
a + d  3: 

- sin p cos s cos Q + cos pJ I - cos2~coszu 

cos=p - cosL s cos= 0- r = Rq 

l h i r  equation i r  exactly the ram8 as Eq (18), Section B. 

(B. 13) 

(B. 14) 

(Bo 16) 



APPENDIX C 

e a r t h  

moon 

Penumbra Determination 

0.2644366 0.2693218 

0.2662145 0 2673467 

The ana lys i s  of Section B is appl icable  t o  determinat ion of 
time spent i n  penumbra as well as t i m e  spent i n  umbra. 
shows t h e  geometry of the penumbra problem. 
and umbra shadow-cones, with their half-cone angles pl ,  and p ,  rcopectively.  

Figure C-1 
Here (A) shows t h e  penumbra 

R*-Rq 
0 

Ra+Rc 
0 

sin p = 

sin p' I 

Value8 for t he  e a r t h  and the  moon are given i n  t h e  following t a b l e  

P The geometry of t he  penumbra problem is obviously t h e  same as t h a t  of t h  
umbra problem, The magnitude of the half-cone angle changes from p t o  p , 
and t h e  ve r t ex  of the umbra cone is on t h e  oppos i te  side of t h e  c e n t r a l  
body €rom t he  ve r t ex  of the  'penumbra cone. 
SaetCon B holds i n  the  penumbra case i f  t h e  transformation 

In f a c t ,  the ana lys i s  of 

1 P - 'P 

i s  made. 

This solu.tion can be verified from Figure C-1. 

Rt 
From (B) 

d =  
sin ( 6 -  p') 

Then 

From (C) 

(C 3) 

- Xlr2 Y I Z  
a' + $ = I  



Then 

Also 

The s 
(C 5) 
(Sect 

ubst i tut  i o n  
, (C.6) and 
ion B ,  Eqs 

I pC-p can be seen to transfornl (C.P), ( C . 2 ) ,  (C .3 ) ,  ( C . 4 ) ,  
(C.7) into the corresponding equations af the umbra problen 

(11, ( 6 ) )  

The equation of the shadow el l ipse.  i n  moon coordinates i s  

= I .  Y =  

a s2 b," 
t -  ( x -  as+ f )^  

However, 

so that the e l l i p s e  equation becomes 

which i s  the same as  the equation preceding E q  ( l l ) ,  Section B .  

-2- 
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